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Multiple Time Series Regression 

with Integrated Processes 
P. C. B. PHILLIPS 

and 

S. N. DURLAUF 
Cowles Foundation for Research in Economics, Yale University 

This paper develops a general asymptotic theory of regression for processes which are integrated 
of order one. The theory includes vector autoregressions and multivariate regressions amongst 
integrated processes that are driven by innovation sequences which allow for a wide class of weak 
dependence and heterogeneity. The models studied cover cointegrated systems such as those 
advanced recently by Granger and Engle and quite general linear simultaneous equations systems 
with contemporaneous regressor error correlation and serially correlated errors. Problems of 
statistical testing in vector autoregressions and multivariate regressions with integrated processes 
are also studied. It is shown that the asympotic theory for conventional tests involves major 
departures from classical theory and raises new and important issues of the presence of nuisance 
parameters in the limiting distribution theory. 

1. INTRODUCTION 

Unlike many of the time series encountered in the natural sciences, economic time series 
frequently exhibit characteristics that are widely believed to be intrinsically nonstationary. 
For example, real macroeconomic variables such as output and consumption typically 
display a strong secular or growth component as well as cyclical behaviour; and many 
financial series like common stock prices behave in general as if they had no fixed mean. 
Recognizing these typical characteristics of economic time series, econometricians have 
devoted attention to the problem of describing and modelling nonstationarity. In the 
1960's important contributions in the area were made by Granger, Hatanaka and their 
associates in Granger and Hatanaka (1964), Granger and Morgenstern (1963), Brillinger 
and Hatanaka (1968) and Hatanaka and Suzuki (1967). Later, following the influential 
work of Box and Jenkins (1976), attention shifted to the role of integrated processes in 
modelling economic time series. While undoubtedly restricting the class of nonstationary 
models, integrated processes of the ARIMA type have been found to produce highly 
satisfactory representations of many observed time series in economics. Quite recently, 
Nelson and Plosser (1982) have published a detailed empirical study of historical economic 
time series for the U.S.A. These authors provide some convincing evidence that 
macroeconomic time series normally thought to be stationary about a time trend are 
better described as integrated processes with drift. 

Amongst the latest research in this field have been the studies of cointegration by 
Granger and Weiss (1983) and Granger and Engle (1985). Two time series are said to 
be cointegrated if some linear combination of the series has a lower order of integration 
than the individual series. These authors argue that the notion of (steady state) equilibrium 
in economics implies the existence of such relationships. Thus, a classical economist's 
view of the interaction of money growth and price movements would require these series 
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474 REVIEW OF ECONOMIC STUDIES 

to move closely together over time even if the series themselves are integrated and are 
individually well described by a model such as a random walk. Empirical support is 
found in Granger and Engle (1985) for the cointegration of several macroeconomic time 
series. 

Against this background of empirically motivated research there is a growing need 
for a general theory of statistical inference for time series regression with integrated 
processes. A step towards the achievement of this goal has been taken by the first author 
in several recent papers (1985, 1986a, b, c) and by Stock (1985) in some related research 
on the estimation of cointegrating vectors. We shall rely here on the central idea of 
Phillips (1985). This is to use a theory of weak convergence in function spaces that allows 
us to work with integrated processes that are driven by quite general weakly dependent 
and possibly heterogeneously distributed innovations. The theory developed by Phillips 
in (1985, 1986a) is univariate; Phillips (1986b) deals with multivariate spurious and 
cointegrating regressions; and Phillips (1986c) develops a general theory of asymptotic 
expansions for vector autoregressions with integrated processes. 

The present paper seeks to provide a formal analytical framework for research in 
this field by the development of a theory of multiple time series regression with integrated 
processes. Our analysis derives from the use of a multivariate functional central limit 
theorem for sums of dependent random variables. This theorem opens the way to an 
asymptotic theory for vector autoregressions and more general multivariate regressions 
that permit a wide variety of error processes. In this sense the paper builds on the methods 
and the results of Phillips (1985). 

Our organization of the paper is as follows. The multivariate functional limit theorems 
that we use are stated and discussed in Section 2. Proofs of these and other theorems of 
the paper are given in the Appendix. Section 3 studies the statistical properties of vector 
autoregressions with processes that are integrated of order one. Our analysis includes 
the asymptotic distribution of the usual error covariance matrix estimator and we also 
examine the asymptotic properties of the conventional F test for unit roots. Section 4 
deals with more general multivariate regressions amongst integrated processes and 
develops an asymptotic theory for such regressions. This theory includes the estimation 
of cointegrated systems as a special case and should therefore be useful in such applica- 
tions. Section 5 examines problems of hypothesis testing in multiple regressions with 
integrated processes. Here the asymptotic theory that we develop displays striking 
departures from the classical theory and, in particular, raises new and important problems 
of the presence of nuisance parameter matrices in the limiting distribution theory. Section 
6 demonstrates extensions of this theory to the case of fitted drift vectors. Some conclusions 
are given in Section 7. Proofs and additional technical material are presented in the 
Mathematical Appendix to the paper. 

2. AN INVARIANCE PRINCIPLE FOR MULTIPLE TIME SERIES 

Our starting point will be a multivariate generalization of the functional central limit 
theorem (or invariance principle) due to McLeish (1975a) that is used in Phillips (1985). 
We consider a sequence of n x 1 random vectors {u,} defined on a probability space (fQ, 
B, P) such that 

E(u,)==0 for all t. (1) 

We define the vector partial sums: 

St=lUj (2) 

This content downloaded from 128.104.46.206 on Thu, 21 Aug 2014 20:35:45 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


PHILLIPS & DURLAUF MULTIPLE TIME SERIES 475 

and the vector random element: 

1 
i-1/2sr, 

- __ 
1s_ T_--t<j ( XT(t) = 

_V_ 1VT j, jT 3 
vT t =El2[,=/El2S1*l (j-1)/T_t<j/T (j= 1,..., T) (3) 

XT(1) = 1/2 ST (4) 

where .12 is the symmetric positive definite square root of the matrix Y, which is defined 
below in Theorem 2.1, and [z] denotes the integer part of z. Note that 

XT(t) Ez D[0, 1] n = D[0, 1] x ..x D[0, 1] (5) 

the product metric space of all real valued vector functions on [0, 1] that are right 
continuous at each element of [0, 1] and possess finite left limits. 

We endow each component space D[O, 1] with the Skorohod metric, denoted by d, 
whose definition and properties may be found in the Appendix. This metric renders 
D[O, 1] a complete separable metric space. Separability does not occur when the uniform 
metric is employed. As will be apparent in the Appendix, separability of the underlying 
coordinate spaces is very useful when working with product spaces. For the product 
space D[O, 1]n we choose the metric 

d'(x, y) = maxi {d(xi, yi): (xi), (yi) E D[G, j]y}. (6) 

This choice of product metric implies that the c-algebra generated by the open sets of 
D[O, 1]' is equivalent to the product of the c-algebras generated by open sets on the 
component spaces (Billingsley (1968), p. 225). 

We shall use the following measures of temporal dependence for the {uj} sequence. 
For a-algebras F and G, we define 

'p(F, G) = SUP{ EF WEG, P(g)>O}IP(WI ) - P(), (7a) 

az(F, G) =SUP19E-F, Wc=Gl IP(9, W) -P(g)P(W)I- (7b) 

We further define Fb as the u-algebra generated by {Ua,..., Ub} and Rb as the u-algebra 
generated by {Sb - Sai, Va ? b}. Temporal dependence for the {u'} sequence is then 
measured by: 

'pm = sup 
n sup n+m f (F n Rn+m), (8a) 

am = SUp n SUPpjn?+m a (FnI R'i+m). (8b) 

The measures ',m and am extend the univariate measures defined by McLeish (1975a). 
Following Phillips (1985), we say that (pm (or am) is of size -p if 'pm (or am) = 0(m-P-') 

for some e>0 as mQoo. 
Our multivariate invariance principle may now be stated as follows: 

Theorem 2.1. Let {uj7t be a sequence of random n x 1 vectors satisfying: 

(a) E(u,) = 0 for all t; 
(b) E( T-1STST)- *, a positive definite matrix, as TIt 00; 
(C) {Ui} is uniformly integrablefor all i= 1,..., n; 
(d) supt (EIuitI) < oo for some 2 =c?/3 < oo and all i = 1, . . ., n; 
(e) E(T1(Sk+T-Sk)(Sk+T-Sk)') -* as min (k, T)too; 
(f) either (pm is of size -,8/(2/3-2), or 3>2 and am is of size -/3/(/3-2); then 

XT(t)==> W(t) as Ttoo. 
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476 REVIEW OF ECONOMIC STUDIES 

The notation "=> " in the above theorem signifies weak convergence of the associated 
probability measures (Billingsley (1968)). W(t) is a multivariate Wiener process. Each 
element of W( t) is a univariate Wiener process and the elements of W( t) are independent. 
Moreover, W(t) e C[,0 1]" almost surely, where C[0, 1] is the space of continuous 
functions defined on [0, 1]. The proof of Theorem 2.1 is given in the Appendix. 

The convergence properties of the theorem permit the {uj} process to possess a high 
degree of temporal dependence and moderate heteroskedasticity. As will become clear 
in Sections 3 and 4 below, this multivariate invariance principle greatly facilitates the 
derivation of an asymptotic theory of regression amongst integrated processes. 

When {uj} is stationary, the requirements of the theorem may be relaxed. We have: 

Corollary 2.2. Let {u1}, be a weakly stationary sequence of random n x 1 vectors 
satisfying (1). If 

(a) EuiIP< oo (i = 1,. ..,n) for some 2 < oo; 
(b) either 

w 
l >p l- /j' < oo or, /3 > 2 and YcX_ a 1-2/j < 00 then 

2;=liM T,, E ( T- S7pST) E (U 1 U1) +Lko2 E(ulu') + E(UkU')I- (9) 

If E is positive definite, then XT(t) = W(t) as T too. 

This Corollary generalizes the stationary version of the univariate McLeish invariance 
principle. The conditions of the Corollary are simpler than those of Theorem 2.1 in two 
respects. First, the convergence of E(T-1STS' ) is a conclusion and not an assumption 
of the theorem. Second the uniform integrability assumption (c) of Theorem 2.1 is no 
longer needed since it is fulfilled by the assumption of stationarity and the stated moment 
condition. 

3. VECTOR AUTOREGRESSIONS WITH INTEGRATED PROCESSES 

Let {y1}j be a multiple (n x 1) time series generated in discrete time according to: 

Yt = Ayt-I + ut; t = 1,k 2, . .. (l Oa) 

A = In, (lOb) 

where {ut}l satisfies the requirements of either Theorem 2.1 or Corollary 2.2 in the 
previous section. To complete the specification of (10a) we add either of the commonly 
proposed initial conditions: 

y, = c, a constant; or (1la) 

yo = random with a certain specified distribution (independent of T). (lib) 

Note that (10) allows for quite general vector ARMA specifications such as 

(1 -L)A(L)yt = B(L)vt 

where A(L) and B(L) are finite order matrix polynomials in the lag operator L. We need 
only require A(L) to be stable, B(L) to be invertible and ut = A(L)-1B(L)vt will satisfy 
the weak dependence and heterogeneity assumptions of Theorem 2.1 under very general 
conditions on the innovation sequence {vt}. For example, if {vtj is an i.i.d. Gaussian 
sequence, then the autocorrelation sequence of {utj decays exponentially. This implies 
that the maximal linear correlation coefficient (Rozanov (1967), p. 186) of {ut} also decays 
exponentially. This coefficient is equal to the maximal correlation coefficient of {utj, 
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since the process is Gaussian (Rozanov (1967), p. 181). But the latter coefficient bounds 
the strong mixing numbers a,m from above (Hall and Heyde (1980), p. 147). Thus the 
mixing decay rate conditions of Theorem 2.1 are clearly satisfied in this case. 

The following lemma is useful in the derivation of our main results. 
Lemma 3.1. If {ut}u satisfies the conditions of Theorem 2.1 and {Yt}i is generated 

by (10) then as T too: 
(a) T 3/2[ 

I 
yt=Xl1/2 Jo W(t)dt; 

(b) T -2 ET YtYi=>V;/2 JO W(t) W(t)'&Y. I/ 2; 

where 

1= lim T1T E(u u9 (12) 

E im TOE(TST ST ) = +L;+E ( 14 ) 

and W(t) isa vector Wiener process on C[O, ]. Moreover, (a)-(e) continuetohold whether 
the initial conditions are given by (rea) or (lb). 

This Lemma generalizes to vector processes the asymptotic theory for sample moments 
of integrated processes given earlier in Phillips (1985). Its results enable us to develop 
a simple asymptotic theory for vector autoregressions. Consider, in particular, the matrix 
of regression coefficients 

A*= Y Y_l( Y_1 Y-,) '; Y= [Y1,*l , YT], Y- 1 [O**,Y-] (15) 

from a first-order autoregression of Yt on Yt-1. The associated error covariance matrix 
estimator is: 

Y.* = T-' Y'(I -Py l) Y; 

where PB = B(B'B)1B' for any matrix B of full column rank. We also define: 

A = (1/2)(Y'Yl + Y-' lY)(Y' l Y-L)Y'. (16) 

Our next theorems provide the asymptotic distribution theory for these least squares 
regression estimates. 

Theorem 3.2. If {u1}l satisfies the conditions of either Theorem 2.1 or Corollary 2.2 
and if {yt}l is generated by (10) then as Ttoo: 

(a) T(A* -I)={?1/2 fo W(t)dW(t)' "2+ ;l}0{E1/2 lo W(t) W(t)'dtYl12}1; 

(b) T(A - I)= >(1/2){X112 WW(1) W(1)'X'12 - X0}{X112 lo W(t) W(t)'dtX".2}1 
(c) A* p, IA A-p I; 
(d) E;* >pX0. 

Theorem 3.3. Let vt = (ul - E(Ui2))n-l. If {vt}l satisfies the conditions of Corollary 
2.2 then, as Ttoo, T1/2vec(;*-Y.o)=N(0, V) where 

V = PD E=00 {Tk - (vec Yu)(vec I )J}PD; (17) 

E(utut utu'); k = 0; ,1~~ ~~ _ k 
E(UtUt+k? UtUt+k)+E(Ut+kUt? Ut+kUt); k = 1, 2, ... (18) 

PD = D(D'D)-1D'; (19) 
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and D is the n2 x n(n + 1)/2 duplication matrix for which vec S = Ds for any symmetric 
matrix S with s denoting the vector of its nonredundant elements (Magnus and Neudecker 
(1980)). 

Theorem 3.2 generalizes Theorems 3.1 and 3.2 of Phillips (1985) to vector processes 
which are integrated of order one. In contrast to stable vector autoregressions (in which 
the latent roots of A in (10) have modulus less than unity), Theorem 3.2 shows that 
simple least squares regression yields consistent estimates even in the presence of substan- 
tial serial correlation. Moreover, the asymptotic distribution of the least squares regression 
coefficient matrix has the same general form for a wide variety of different error processes. 
Hence, these general results for integrated processes permit misspecifications in the vector 
autoregressive (VAR) framework that has recently become popular in empirical 
econometric work (Doan, Litterman and Sims (1984), Litterman (1984)). The latter work 
proceeds under the assumption of white noise innovation sequences and makes use of 
conventional asymptotic theory based on the original theory of Mann and Wald (1943). 
This assumption of conventional theory proves to be inadequate even if the underlying 
system is vector ARMA rather than VAR; and the asymptotic theory breaks down due 
to the resulting misspecification as well as the nonstationarity of the series. By contrast, 
Theorem 3.2 allows for nonstationarity in the underlying processes, a quite general weak 
dependence in the errors that certainly admits underlying vector ARMA structures and, 
finally, heterogeneous error variances that permit moderate heteroskedasticity. Thus, 
Theorem 3.2 is a first step in the development of a robust asymptotic theory for nonstation- 
ary VAR's. 

Theorem 3.3 provides an associated asymptotic theory for the error covariance matrix 
estimator E*. Unlike the regression coefficient matrix A*, the asymptotic distribution of 
l* is normal with a covariance matrix that depends on the joint cumulant sequence of 
the fourth order of the innovation process {uJ}. The limiting normal distribution is 
explained by the observation that, since A* p I, the residuals from this regression are 
asymptotically stationary and, in effect, provide consistent estimates of the innovation 
process. Conventional normal asymptotics are therefore to be expected for the sample 
moments of such a sequence. 

It is of some interest to consider test statistics based on the matrix of regression 
coefficients A*. Of primary interest will be the hypothesis 

Ho: A=IL (20) 

We shall first examine the distribution of the Wald statistic for testing Ho: 

F = tr[(A - I)'I*- (A - I) Y' l Y-1]. (21) 

Theorem 3.4. If {yt}7 is generated by (10) and if {u,}7 
satisfies the conditions of 

either Theorem 2.1 or Corollary 2.2 then as Tl oo: 

F=>(1/4) tr { [ W(1) W(1)' - 1 W(1) 1(1)' - 1 

[j W(t)W(t)'dtl (22) 

Note that when n = 1 (22) reduces to (set l = u-2, X0 =2U 
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which is the square of the result established in Phillips (1985) for the t-ratio statistic in 
the univariate regression. 

We also note that when I = 10, as in the case of a white noise innovation sequence 
{u}u , (22) becomes 

F=>(1/4) tr{-[ W(1) W(1)' -I][ W(1) W(1)'- 1] [ W( t) W(Ot'dt] (24) 

generalizing the tests of Dickey and Fuller (1979, 1981) and Evans and Savin (1981, 1984). 
When I 0 we need to construct consistent estimates of these matrices. Since 

T-1 z,T u,u -* lo a.s. as T oo we have the simple estimator 

SO = T l ?1 ( Yt -Yt- ( Yt -Yt- O' (25) 

which is consistent for ;0 under the null hypothesis (20). 
Consistent estimation of = lim T,, E( T-1STS'T) proceeds along the lines developed 

in Phillips (1966a) for the univariate case. We define 

ET= var (T /2 ST) 

= T1 T E(utu)+ T1 ZT1 zT+1 E(u,u _+ ut_,u'} 
and the approximant 

1-n = T-?1 E(u,u)+ T- ZT=1 ZT+1 E(utu_T+ ut-u9. (26) 

As in Phillips (1986a) we call I the lag truncation number. 

Lemma 3.5. If the sequence { ut}l satisfies the conditions of Theorem 2.1 and if It oo 
as Ttoo then 

EIT E1- T* 0 

as Ttoo. 

We now define 

STI = T ?1 T utu+ T1 Z>1 1 (utuT+ t (27) 

The following result, which extends Theorem 4.2 of Phillips (1985), establishes that under 
suitable conditions on the rate at which IToo as T Too we may consistently estimate Y. by 
sequentially estimating X-n. 

Theorem 3.6. If 
(a) {uj}' satisfies conditions (a), (b), (e) and (f) of Theorem 2.1 and the moment 

condition 

supj,, E IUit 1 2 < % for some: > 2; 

(b) Itoo as Tlcoo such that I= o(T'14); then STZ-PE as Ttoo. 

We note that S-n is not constrained to be positive semi definite as it is presently 
defined in (27). A modification to (27), whch has recently been suggested by Newey and 
West (1985) and which is always positive semi definite is: 

SW = T Y I u,u'+ T1 E> I WTI EzT +I (utut-+ utu--Du) (28) 

where 

Wtl = r1-/(1+ 1). 
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When {uj} is weakly stationary with spectral density matrixfuu(A), (1/2iT)S-n is the Bartlett 
estimate of the spectrum of the origin, viz. fuu(A) = (1/2ir)Y. Of course, other choices of 
lag window or weight function w,j are possible in (28) and may be inspired by other 
popular spectral estimates of fuu(A). In what follows we shall use SW to denote a member 
of this class of consistent positive semi definite estimates of L. 

The consistent estimates SO and SW may be used to construct a new test statistic 
whose limiting distribution under the null hypothesis (20) is free of nuisance parameters. 
Specifically, we define: 

F5= F -4 tr{[ T2YTYT(SO - SI )YTYT+ (SO- S 2)]( T Y_1 Y_1)}- (29) 

The limiting distribution of FS is given by: 

Theorem 3.7. If the conditions of Theorem 3.6 are satisfied then as T too: 

Fs=>4 tr{[ W(1) W(1)'- I][ W(1) W(1)'-]LT W(t) W(t)'dt] (30) 

under the null hypothesis (20). 

Note that the limiting distribution of the modified Wald statistic Fs, as given by (30), 
is the same as that of F itself when the innovation sequence {ut}l is white noise (see 
(24) above). Morever, in the univariate case (n = 1) the asymptotic distribution of Fs is 
the limiting distribution of the square of the modified t-ratio statistic Zt developed in 
Phillips (1986, Theorem 6.1). 

The asymptotic distribution of F, is represented in (30) as a functional of the 
multivariate Wiener process W(t) on C[0, 1]n. This distribution is presently tabulated 
only for the univariate case n = 1 (see Dickey and Fuller (1979, 1981)). It is of some 
interest, therefore, to try to develop alternative test procedures which rely on conventional 
tabulated distributions. 

In place of Fs we introduce two new statistics defined by: 

GI = tr{[ T(A - I) - (1/2)( T-1YTYT - SO)( T2 Y'1 Y-)-]'[ T(A - I) 

-(1/2)( T1YTY'T - So)( TYL1 Y_1f)]}+ T1YTy'ST YT. (31) 

G2= T3/2 tr {(A* - I)'(A* - I)} + T-1y' S-l1 (32) 

Theorem 3.8. If {yg}j is generated by (10), if the sequence {u}tl satisfies the conditions 
of Theorem 2.1 and if the null hypothesis (20) is true, then Gl==>x and G2=>AIn as Ttoo. 

The statistics G, and G2 provide simple tests of specification for (10). The intuition 
behind them is quite simple. The null hypothesis that A = I imposes certain rates of 
convergence on the sample moments of yt. When the null is false these rates of convergence 
change. The idea is then to construct a statistic whose distribution diverges when the 
rates of convergence that apply under the null are violated. 

In the construction of GI and G2 there is some merit in using an estimate S- that 
is based on the residuals of an unrestricted regression of yt on yt-. In this case, if the 
errors in the model fulfill the requirements of Theorem 3.6, STI will converge to the 
positive definite limit matrix E under stable and explosive alternatives as well as under 
the null (lOb). Then, if {ytj follows an explosive path, the distribution of the quadratic 
form Th1y~-TS7f1YT diverges as Tt oo and the tests are consistent against explosive alterna- 
tives. On the other hand, if the model is stable T-1/2YT OP as TIt c and the second 
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term of both GI and G2 tends to zero in probability. However, the distribution of the 
first term of both G1 and G2 diverges as T t oo in this case and the tests are again consistent. 

As a referee has pointed out, the construction of the test statistics GI and G2 is 
somewhat arbitrary. For example, in the case of G2, the power of T in the first term of 
(32) could be 1 + ? with any choice of 8 in the interval 0< 8 < 1 without affecting the 
validity of Theorem 3.8. In finite samples the choice of 8 could well be very important 
in the performance of the test. We chose 8 = 2 in (32) to compromise the size distortions 
that will occur when 8 is close to unity and the power reductions which will occur when 
8 is close to zero. 

4. MULTIPLE TIME SERIES REGRESSIONS ON INTEGRATED PROCESSES 

We shall examine the multiple regression equation 

Yt = Ax,+ut; (t =1, 2,...)33 
where 

xt = xt_1 + vt; (t = 1, 2, ... .), xo = constant or random. (34) 

In (33) A is an n x m matrix of unknown coefficients. We shall require the sequence 
{(ut, v,)}I of joint innovations on (33) and (34) to satisfy the general conditions of 
Theorem 2.1. This allows for a wide range of serial dependence and simultaneity as well 
as nonstationarity in the system (33) and (34). Thus (34) may be regarded as the reduced 
form of a simultaneous equations system in which the exogenous variables xt are driven 
by a quite general integrated process of order one, such as a vector ARIMA model, and 
none of the common exogeneity conditions need necessarily apply since we allow for 
contemporaneous correlations of the form E(xtu') # 0. 

Define the least squares regression estimators 

A*= Y'X(X'X)1 (35) 
and 

Ql*= T-1 Y'(I -Px) Y 

where X' = [xl, X. *, XT] 

In the theory that follows it will be convenient to set z' = (ut, vt) and to define 

QO = lim T, T1 T E (ztzt) (36) 

Ql = limT,,, T1 zT=1 t - E(zjz') (37) 

Q 
=limT,wE(TlP?TP*Vf0 ?=Q+ Q1+?I (38) 

where PT IZ We shall employ block partitions of matrices such as Q in (38) and 
we shall use the notation 

n m 

Ql = If[]1 II W121 n 
L[Q]12I [Q22- m 

to signify the component submatrices. 

Theorem 4.1. If the sequence {z1}l satisfies the conditions of Theorem 2.1. or Corollary 
2.2 then as Tt oo: 

(a) T(A* -A)==>[f11Q2{fJ V(t)dV( t)'}1fQ12 

+f10+f1I]12 {[f1/2 Jo V(t) V(t)'dtf1/2]22}1-; 
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(b) A -PA; 
(c) f >P [Qoll; 

where V(t) is a multivariate Wiener process in C[O, i]m+n. 

Theorem 4.1 shows that least squares regression is consistent in multivariate regression 
where the regressors are contemporaneously correlated with the errors and where both 
errors and regressors may be jointly determined by quite general time series processes. 
The central requirement of the result is that the regressors follow an integrated process 
such as (34). Note that this implies that y, is also an integrated process. In the special 
case where the sequence {u,}7 is stationary, the processes y, and x, are cointegrated in 
the sense of Granger and Engle (1985). Thus, Theorem 4.1 provides the correct asymptotic 
theory for linear regression amongst cointegrated variates. For a model of cointegration 
with i.i.d. innovations Stock (1985) had earlier suggested that a result similar to (a) may 
be obtainable. Theorem 4.1 confirms this and further demonstrates that the form of the 
asymptotic distribution is the same for a wide class of integrated processes driven by 
quite general weakly dependent and nonidentically distributed innovations. In this respect 
the result exemplifies the workings and the generality of the underlying invariance 
principle. 

It is an interesting consequence of Theorem 4.1 that there is no asymptotic simul- 
taneous equations bias or measurement error bias in regressions such as (33) when the 
regressors form an integrated process. Granger and Engle (1985) mention a related 
consistency result in their study of cointegration. However, these and other consistency 
results for integrated process regressions seem not to have been fully analyzed in the 
literature. They have, in fact, a simple intuitive explanation. In the usual theory of time 
series regression amongst stationary ergodic processes, sample moment matrices converge 
to constant matrices. The bias that arises from contemporaneous correlation between the 
regressors and the errors is determined by such a sample moment matrix, which converges 
to a constant non zero matrix in the stationary, ergodic case. But when the regressor 
process is integrated of order one and hence nonstationary and nonergodic, as it is above, 
the usual sample moment matrix of the regressors diverges while the matrix of sample 
moments between the regressors and the errors converges weakly to a random matrix. 
Upon appropriate renormalization (as is clear in the proof of Theorem 4.1) the sample 
moment matrix of the regressors also converges weakly to a random matrix. But the 
signal that comes from the observed sample variation of the regressors is stronger by an 
order of magnitude (in the sample size) than the sample correlation of the errors and the 
regressors. It is this fact which eliminates the simultaneous equations and measurement 
error bias, at least asymptotically, for integrated processes. A related phenomenon occurs 
in the case of simultaneous equations with trending regressors as has been known for 
some time, although simple illustrations seem only recently to have appeared in the 
literature. The examples that are reported in Kramer (1984), for example, involve only 
white noise errors. They may, in fact, be extended using the methods of this paper to 
include quite general weakly dependent and heterogeneously distributed innovations. 

Theorem 4.2. Let w, = (u' - E(u'))..1. If {w,}r and {z,}7 satisfy the conditions of 
Corollary 2.2, then as TToo 
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where 

Qu = [oll = limT,. T' T E(u,u'); 

V = PD Et0 {Tk - (vec 7l u)(vec flu) }PD; 

and 

_ (utut(8Jutu'); k = O 

lE{F(U,Ut+k? UtUt+k) + (kUtk Ut+kUt)}; kk=1 21 .. 

Theorem 4.2 gives the asymptotic theory for the estimated error covariance matrix 
in the regression (33). As with the nonstationary VAR (cf.. Theorem 3.3) the asymptotic 
distribution of Q* is normal with a covariance matrix that depends on the fourth order 
cumulant sequence of the innovation process {utj. Note also that the limiting distribution 
given in Theorem 4.2 is equivalent to that of the error covariance matrix from the VAR 
given in Theorem 3.3. Thus, for these sample regression characteristics at least, the 
asymptotic theory in a multiple regression corresponds to that of a vector autoregression 
(as indeed it does in the stationary case). 

5. HYPOTHESIS TESTING IN MULTIPLE REGRESSION WITH 
INTEGRATED PROCESSES 

We shall consider linear hypotheses that involve the elements of the coefficient matrix A 
in the multiple regression (33). Thus, the null and alternative hypotheses have the form: 

Ho: R vec A = r, (39) 

H1: RvecA? r (40) 

where R and r are known q x nm, q x 1 matrices, respectively, and R has full rank q. 
To test Ho we commonly employ the Wald statistic: 

F = (R vec A* - r)'[R(fl*(g(X'X)-l)R']-l(R vec A* - r). (41) 

Our next result gives the asymptotic distribution of F in the present nonstationary case. 

Theorem 5.1. If the null hypothesis (39) is true and if the sequence {zt}l satisfies the 
conditions of Theorem 2.1 or Corollary 2.2, then as TToo: 

R n oo fj1/2X V( t) V(t) dtfl1/2] R R' 

*R {Io ( 1Q/2 XV(t) V( t) dtQl 1/2] 

vec WQ/2J dV(t) V(tyfQ1/2+fQo+Qf ) (42) 

In spite of its complication the asymptotic result (42) is very interesting. It suggests 
that, in general, the limiting distribution of F depends on the nuisance parameter matrices 
flO and O1. Even when Ql = fQO, as in the case of a white noise innovation sequence {zt}ll, 

the limiting distribution (42) is still dependent on nuisance parameters. The situation is 
thereby akin to that of finite sample distribution theory where the presence of nuisance 
parameters is the rule rather than the exception.1 
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Theorem 5.1 shows how very special the usual theory of inference for regression 
models really is. It is a particular feature of the limiting normal distribution theory that 
the nuisance parameters are concentrated in the covariance matrix of the asymptotic 
distribution. Since this matrix may be consistently estimated from the data, a quadratic 
form in an appropriate metric yields the usual asymptotic chi-squared criterion and 
removes the nuisance parameters. The nonnormality of the limiting distribution theory 
in the present case eliminates the possibility of such a simple transformation. In particular, 
we see from Theorem 4.1. that T(R vec A*- r) has a nonnormal and asymmetric limiting 
distribution under the null hypothesis Ho. Moreover, the conventional metric that is 
embodied in the matrix of the quadratic form of the Wald statistic (41) no longer delivers 
a relevant measure of distance according to which departures of the vector T(R vec A* - r) 
from zero may reasonably be measured. More precisely, the limit of 
{R(W *0(X'X/T2) l)R'}-l is now a random matrix. It is no longer reasonable to think 
of it as a precision matrix on the support, R qof the limiting distribution of T(R vec A*- 
r). Thus, the Wald statistic F, as given by (41), lacks its usual rationale. 

The situation described above is not changed by the use of other test criteria such 
as the likelihood ratio (LR) or Lagrange multiplier (LM) tests. In fact, although we shall 
not prove it here, the Wald, the LR and the LM test are equivalent asymptotically in the 
present context, just as they are in the more conventional setting. In each case the limiting 
distribution theory is given by the result of Theorem 5.1. 

6. MODELS WITH FITTED DRIFT VECTORS 

The results in Sections 3-5 may be extended quite easily to models with fitted means or 
fitted means and time trends. Here we shall report the main results for vector 
autoregressions with a fitted drift when the true drift is zero. 

Consider the vector autoregression: 

yt =g + Ayt_l + ut (43) 

where ,u = j-AY-, and A = [ZT (Yt -_y)(Yt_- -Y-_)'][ET (yt-_ -Y-_l)(Yt-_l _y_l),]1 The 
covariance matrix estimator is now Y, = T-1Y'(I - Pz) Y where the regressor matrix 
Z =[i Y-] and i is the Tx 1 sum vector. We define 

A 2 I {(Yt Y)(yt-i -9 ' (Yt-i --)(yt Y)'}{ZT (Yt-I -Y-)(yt-I Y-1Y}i 

Theorem 6.1. If the conditions of Theorem 3.2 are satisfied then as Toox: 

(a) T(A - I)=> [;1/2 f1 dW(t) W(t)'V/2+ii _V1/2 W(1) J0 W(t)'dt 1/2] 
- ["1/2{Jf W(t) W(t)'dt -fJ W(t)dtf W(t)'dt}J112] = l, say; 

b (-I) =,l> [11/2 W(1) W(l),11/2 _ ?-_ ' /2 W(1) lo 1(t 
/2 

_x;1/2 fo W(t) dt W( 1 ),1/2] 

_ *~[ [1/2f1 f W( t) W(t)'dt -| fW(t)dt f' W(t)'dt}X 1/2]-1; 

()A >p I, A --p I; 
(d) y >P 0; 
(e) T"2/ =0E'2 W(1) - (E1/2 lo W(t)dt; 
(f) 10 >p zo 

Moreover, if the conditions of Theorem 3.3 are satisfied then 

(g) T12 vec (E - 10) =X N(0, V) 

where the asymptotic covariance matrix V is given by (17) above. 
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For testing the unit roots hypothesis (lOb) we could use extensions of the Wald 
statistic F given by (21) for the case of the known zero drift model. This would lead to 
distributional results such as those given by Theorems 3.4 and 3.7 with attendant problems 
of nuisance parameter matrices and tabulation. An alternative, which we give here, is to 
extend the specification test statistics defined in (31) and (32) to the case of a fitted drift 
vector. Specifically, we define: 

H1 = tr (K+ KT) + (3/ T)(YT-Y) S2( YT-9) (44) 

where 

KT = T(A - I) -2[T-1yTy+- S+ T-'(yTy'+YyT)][T-2ST (Yt -9)(Y' _)'P1 

and 

H2 = T312 tr {(A- I)'(A - I)}+ (3/ T)(YT -Y)'STI1(YT -9). (45) 

The following result provides us with simple x2 tests of the unit roots hypothesis (20) in 
the case of a fitted drift vector. 

Theorem 6.2. If the conditions of Theorem 3.8 are satisfied, then HI ==x, and H2=X2 as 
Ttcoo. 

7. CONCLUSIONS 

Models with integrated regressors and cointegrated variables seem likely to become an 
important focal point of future macroeconomic theory and debate. At the theoretical 
level, efficient macroeconomic equilibrium implies that a number of macroeconomic time 
series must behave as martingales. As argued by Hall (1978), the fulfillment of first-order 
conditions for intertemporal utility maximization requires that consumption follows a 
random walk. Rationality of expectations implies that a sequence of forecasts of a given 
event form a martingale. At the empirical level, evidence has mounted that a number of 
time series, ranging from GNP (Nelson and Plosser (1982)) to dividends (Marsh and 
Merton (1984)) are integrated processes. Statistical estimation and inference in these 
models requires a methodology which accounts for the nonstationarity and nonergodicity 
of the underlying time series. 

This paper has developed a general asymptotic theory for regressions with integrated 
processes. The asymptotic distributions of regression coefficients and covariance matrix 
estimators in these models have been derived. Least squares estimation procedures 
produce consistent coefficient estimates which converge at a faster rate (Op(T-1)) than 
in conventional regression theory. However, these estimates are not asymptotically normal 
when appropriately centered and scaled. The nonnormality results from the fact that 
suitably scaled sample moments (and also the hessian) converge weakly to random 
matrices rather than constant matrices. Our development and employment of a multivari- 
ate functional central limit theory has permitted explicit derivation of the nonnormal 
asymptotics. 

We have further analyzed the asymptotic properties of conventional statistical tests 
in the context of these regressions. Standard tests, such as the Wald test, no longer yield 
asymptotically distributed x2 criteria. This is because the metric underlying the Wald 
test is no longer relevant when the limiting distribution of the regression coefficients is 
nonnormal. Moreover, in multiple equation systems the asymptotic distribution of the 
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usual test criteria are dependent upon the limiting covariance matrix of the contem- 
poraneous innovations across equations and the limiting covariance matrix of the accumu- 
lated sums of past innovations. In the case of weakly dependent innovation sequences 
these limiting covariance matrices are different whereas for i.i.d. innovations they are the 
same. Interestingly, in both cases the asymptotic distribution of the usual test criteria is 
parameter dependent. For these reasons, it is important to devise new statistical tests 
whose asymptotic distributions, at least, are free of nuisance parameters. For the case 
of testing for unit roots in vector autoregressions we demonstrate the existence of 
transformations of the Wald statistic which are independent of nuisance parameters. We 
also develop for this case some new test statistics which are asymptotically x2, so that 
conventional tabulations may be used in testing. 

Our asymptotic results are compatible with a wide range of innovation processes 
and model formulations. They allow for a high degree of serial correlation and moderate 
heterogeneity in the error processes. Moreover, our conditions permit regressor-error 
correlation and therefore apply to simultaneous equations systems with integrated pro- 
cesses. As a result, conventional measurement error and simultaneity bias do not generally 
arise in these models when they are formulated and estimated with integrated processes. 

One area of future research lies in the modelling of integrated process regressions 
when the integrated regressors are themselves cointegrated. The multivariate regression 
theory in Sections 4-6 presupposes that no cointegration exists amongst the regressors. 
This requirement is not innocuous. Sims (1978), for example, has indicated that in the 
AR (2): 

Yt = aYt-,+/3Yt-2+ Ut 

with a + 83 = 1 the least squares estimates a and ,3 each possess limiting marginal normal 
distributions with an Op(T- 1'2) convergence rate. Intuitively, the leverage needed to 
generate Op(T-1) convergence requires that the regressors not become asymptotically 
collinear, as occurs in the Sims example. Research into models that combine integrated, 
cointegrated and nonintegrated regressors is currently being pursued by the authors. 

Further work is also required on issues of estimator efficiency and asymptotic optimal 
inference in non ergodic models such as those considered here. This is a field where 
there is also ongoing research in mathematical statistics. Basawa and Scott (1983) provide 
a recent review of some aspects of this work. Domowitz (1985) and Domowitz and Muus 
(1986) give interesting applications of their approach in econometrics. 

Finally, the results presented in this paper are asymptotic. Research on higher order 
refinements of the asymptotic theory should provide some insights into the finite sample 
behaviour of the estimators and tests we have considered. The methods and results 
obtained in Phillips (1986c) for the VAR model should be useful here and may be extended 
to the more general context of the present paper. 

APPENDIX 

1. The Skorohod metric 

The specific metric we use to render D[O, 1] separable is: 

d(x, y) - inf6,0 {?: |A || e ,up IX(t) - Y(A(t))l ?4 (Al) 

where A is any continuous mapping of [0, 1] onto itself with A (0) =0, A (1) = 1 and 

IAI=|supt I A (t) -A (s) 
,| ,s[O,l]. (A2) t -s 
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This metric may be contrasted with the uniform metric defined by: 

d(x, y) = supt I X(t) - Y(t)I. (A3) 

The two metrics coincide when X(t) and Y(t) are continuous. However, in D[O, 1] the 
Skorohod metric differs from the uniform metric because of the presence of points of 
discontinuity. Two functions are close in the uniform metric only if their discontinuities 
are of approximately equal magnitude and occur at exactly the same values ti. Under 
the Skorohod metric the discontinuities need not occur at exactly the same ti for the 
functions to be close. 

Following an example of Billingsley (1968), one can easily see that under the uniform 
metric D[O, 1] is not separable. Consider functions of the form 

X6(t = {0 
0 t a 

Under the uniform metric d(X8, X8) = 1 if 58 ?'. This implies the existence of an 
uncountable set of elements mutually separated by a non negligible distance. Since each 
X8(t) may be surrounded by an open sphere S(X,(t), -2) which does not intersect an 
open sphere surrounding another Xs ( t) for 8' $ 8, there cannot exist a countable subcover 
for D[O, 1] corresponding to the uncountable open covering U8S(X8(t), 2). The failure 
of the latter property is equivalent to nonseparability (Billingsley (1968), p. 216). 

2. Finite dimensional distributions on D[O, 1]n 

For x c D[O, 1]n we define the projection mapping: 

HI1t, (x) [tX = )[X( .. . , X( tk)] kn. (A4) 

Let _q denote the class of Borel sets in D[O, 1]n (i.e. the ou-field generated by the subsets 
of D[O, 1]n that are open with respect to the metric d' defined by (6)). Note that 
!n = X . . . X ! (n copies) where 2 is the class of Borel sets in D[O, 1] with respect to 
the Skorohod metric (Billingsley (1968), p. 225). The mapping 

h,--.- tk is measurable 
with respect to - n since each (row vector) component mapping is measurable 9 

(Billingsley (1968), p. 121). That is 

flt-I,. .. . tk H e 2 

where H is a Borel set of lRkn. Each point (an n x k matrix) of H identifies an n-vector 
of components of the random element XT(t) for k different values tl, . . ., tk. 

Sets of the form Hr.... tk H with k? 1 and Hc A 
ikn (the Borel c-field of R kn) are 

finite dimensional sets in 2n. The class of finite dimensional sets Hl..., tk H where k is 
arbitrary, tl,... tk are arbitrary points of [0, 1] and H is an arbitrary Borel set of R kn iS 

a field, which we shall denote by i. Moreover, this field generates gn and thus the finite 
dimensional sets Hfl1.. tk H form a determining class of 2n (Billingsley (1968), p. 15). 
This is proved for the case n = 1 in Billingsley (1968, Theorem 14.5). To see that the 
result holds when n> 1, we note that the product of n copies of the class of finite 
dimensional sets of 2 is a subset of i. Since the former generates 2 n = 2 X ... X 2 
(because the coordinate metric space D[O, 1] is separable under the Skorohod metric) 
so does i. We have therefore proved: 

Lemma A.1. The finite dimensional sets {II I. . tk H: k arbitrary; tl,..., tk arbitrary 
points of [0, 1]; and H an arbitrary Borel set of R kn} form a determining class of n. 
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We now establish that the finite dimensional distributions of XT( t) converge to those 
of W(t). We consider the arbitrary linear combination YT(t) = A'XT(t) where A'A = 1. 

In fact 

Y s-1 s,j-1/2US (j-1)/T?-t<j/T 

YT(0 
-VTs=1 

1S=I lls Pi-I,, say 

where {vS}s, is a scalar sequence that fulfills the conditions of the theorem for n = 1. In 
particular, the average variance of the accumulated sum PT is: 

E( T-P12) = T A '-1/2E(STS'T )Y-1/22A TT 

-1, as Tto. 

Moreover, 

E{T T(PT+k Pk)} - -A E / E{(ST+k-Sk)'}T / A 
T 

-*1, as min (k T) Too 

and {vs} satisfies the moment and mixing conditions of the theorem for n = 1. Thus, by 
the univariate functional central limit theorem of McLeish (1975a) YT(t)==> V(t) as TToo 
where V(t) is a univariate Wiener process on C[O, 1]. Writing V(t) = A' W(t), we deduce 
that A'XT(t) => A'W(t) as T xo for arbitrary A where A'A = 1. Consequently, all finite 
dimensional distributions of A'XT(t) converge weakly to the corresponding finite 
dimensional distributions of A'W(t). By the Cramer-Wold device and the asymptotic 
independence of increments of XT(t) (which follows from the mixing conditions on {u,}) 

we deduce that the finite dimensional distributions of the vector random element XT(t) 

converge weakly to those of the vector process W(t). We have therefore proved: 

Lemma A.2. PTFt-1. tk H-> W . H as T Too for all finite dimensional sets 

1 2tl.. tk H E 3 where cW denotes multivariate Wiener measure on D[O, 1]n. 

3. Tightness 

The family {PT} of probability measures on D[O, 1]n is tight if for all E > 0 there exists 
a compact set K c Pn such that PT(K)> 1- E for all T. Tightness is an important 
condition in the theory of weak convergence on metric spaces. In particular, if the 
sequence {PT} is tight and if the finite dimensional distributions of PT converge weakly 
to those of W (multivariate Wiener measure) then we may deduce from a theorem of 
Prohorov [Billingsley (1968), Theorem 6.1, p. 37] that PT=='>W as Ttoo. Tightness in a 
sequence of probability measures such as {PT} prevents the escape of probability mass 
as Ttoo. This requirement is especially important when convergence takes place on a 
function space such as C[0, 1] or D[0, 1]. The reader is referred to the books of Billingsley 
(1968) and Pollard (1984) for a complete discussion. 

The following result which is given by Billingsley (1968; Problem 6, p. 41) furnishes 
a useful necessary and sufficient condition for tightness of a family of joint probability 
measures on a product space such as D[0, l]y. 
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Lemma A.3. Probability measures on a product space are tight if all the marginal 
probability measures are tight on the component spaces. 

4. Proofs of Results 

Proof of Theorem 2.1. By Lemma A.2 above the finite dimensional distributions of XT(t) 

converge weakly as TToo to those of the vector Wiener process W(t). Since the finite 
dimensional sets 11-.... t H form a determining class of 2' by Lemma A.1, the result 
of the theorem will follow if the sequence of probability measures PT associated with 
XT(t) is tight (see the discussion under tightness given above). 

To show that the sequence PT is tight we need only show (in view of Lemma A.3) 
that the sequences of marginal probability measures of PT are tight. However, as we saw 
in the proof of Lemma 2, the component random elements X1T(t) = e'iXT(t) (i = 1, .. ., n) 

converge weakly to univariate Wiener processes as TT x. That is, the associated marginal 
probability measures of PT converge weakly to Wiener measures as TTI . It follows by 
a theorem of Prohorov (Billingsley (1968); Theorem 6.2, p. 37) that, since D[O, 1]n is 
separable and complete under the metric d', the sequences of marginal probability 
measures of PT are tight. We deduce that PT => W as T too and the theorem is proved. 11 

Proof of Corollary 2.2. The convergence of the series given in (9) follows, under 
the stated conditions, from Ibragimov and Linnik (1971, Theorems 18.5.2 and 18.5.3) for 
the univariate case. Extension to the vector case is straightforward and the Corollary is 
then a direct consequence of Theorem 2.1. 11 

Proof of Lemma 3.1. The proof follows the same lines as that of Theorem 3.1 of 
Phillips (1985a) and Lemma 2.1 of Phillips (1986b). Thus to prove (a) we have 

T-32 E = T 3/2E1 (Si-1 + ui + Yo) 
ilT 

= ,1/2 _T T XT(t)dt + op (1) 
(i-l)/ T 

=1/2 XT(t)dt + op(1) 
0 

12 
=,1/2 W(t)dt, as TToo 

by Theorem 2.1 and the continuous mapping theorem. The proofs of (b) and (c) are 
entirely analogous. 

To prove (d) we expand STS+ by partial summation giving: 

SS T-E1UjUj + ET1 ( Sj_ Uj + UjS- SS_'T -=T uj+T(Ij1u+jSY_i). 

We may now deduce from Theorem 2.1 and the continuous mapping theorem that as T lcx: 

- E= (S>_u +1jil)X /2 W(1) W(l),11/2 _ :0 

leading to (d) as stated. 

The proof of part (e) is quite complex and involves more advanced methods. It is 
given in another paper by Phillips (1986d). 11 

Proof of Theorem 3.2. Let U' = [u1, . . ., UT] and we have: 

A*= I+ U'Y_(YlYl Y_)-1. 
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Then 

T(A*-I) = (T-' U' Y)( T2 Y _L j Y)1 

o {z [ JW( t)dW( t)'] 1/ l}1 V2J W( t) W( t) dtY.2 

as Tf Tx by Lemma 3.1, proving (a). (b) follows in the same way and (c) is a direct 
consequence of (a) and (b). To prove (d) we note that 

- = T-1 U'U - T-'( U' Y1)( Y'1 Y1)-'( Y'L1 U) ->p Yo 

as required. 11 

Proof of Theorem 3.3. Write 

+/ (l*->;)=v/(T z U-? -v T )( T2 ) (Tt/ 

= T( T-' U'U U- 0) + op (l) 
T 

(u,u, __)/VT+ op(1). 

By assumption {(utu' -Y0)}l is a weakly stationary sequence of random matrices with 
zero mean that satisfies the moment and mixing conditions of Theorem 2.2. Define 

wt = (D'D-D'vec (utu'- 0) = Lvec (utu'- o0) 

where D is the n2xn(n+1)/2 duplication matrix and L=D- is the n(n+l)/2xn2 
elimination matrix (see Magnus and Neudecker (1980)). By Corollary 2.2 

T-1/2 TwT W=t N(0, Q) 

where 

Q = E(wow) +=l {E(wOwk) + E(WkWO)}- 

Now 

E(wow') = L{(Do- (vec Xu)(vec XJ)'}L' 

and 

E(wow') = L{'?k - (vec Yu)(vec -)J}L' 

where 
(Dk= E( utu? + k 0 UtU t+ k); k = 0, 1, .... 

It follows that 

VTvec (X* - o0) = T-1/2 ET vec (utu' - X0) + op (1) 

= T-1/2ZIT Dwt+op(1) 

= N(0, DQD') N(0, V) 

as required. II 

Proof of Theorem 3.4. Under the null hypothesis (20) as T Too 

T vec (A - I)=>VeC {1[z1/2 W(1) W(1)'vec2 ] [ 2/2 J' W(t) W(t)&dtY./2] } 

This content downloaded from 128.104.46.206 on Thu, 21 Aug 2014 20:35:45 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


PHILLIPS & DURLAUF MULTIPLE TIME SERIES 491 

and E -p ;0 by Theorem 3.2. Additionally, 

T-Y V /el2 IW(t) W(t)'dtEl1/2 
0 

by Lemma 3.1. Thus the stated result (22) follows by the continuous mapping theorem. 

Proof of Lemma 3.5. The result follows by choosing an arbitrary element of the 
matrix ET-T'I and proceeding as in Lemma 4.1 of Phillips (1986a). 11 

Proof of Theorem 3.6. The result follows by taking an arbitrary element of the matrix 
ST --TY and proceeding as in Theorem 4.2 of Phillips (1986a). 

Proof of Theorem 3.7. Note that 

T-1/2Y = T_1/2Y, TUt + T-1/2Y 

=1/2 W(1) 

by Theorem 2.1. Moreover, under the conditions of the Theorem SO -P X0 and ST Ip E 

by Theorem 3.6. Also 

T -2 Y l= / W( t) W( t)'dt l/ 
0 

as before. Hence by Theorem 3.4. and the continuous mapping theorem 

Fs=>4tr {[W(1)W(1)'-I][W(1)W(1)'-I] [{ W(t) W(t)'dt]} 

as required. II 

Proof of Theorem 3.8. Under the null hypothesis we may write: 

T(A- I)( T 2Y1 YK1) = (1/2T)( U' Y_ + YK'l U) 

= (1/2T) ET1 (UjSj + Sj-lu) + (1/2T) Ef-1 (Ujyo+ you) 

= (1/2) jj112ZT(j)ZT(1yj112 _(1/ T) 
I 

Tu } 

+(1/2T)zr, (uj y?you0 ) 

from the proof of Lemma 3.1(d) given above and where ZT(t) is the random element of 
C[O, 1]' defined in (A5). We also have: 

T 1/2YT= T 1/2(ST+YO) 
= 1/2ZT(1)+ T 12YO. 

Thus 

T(A- I)(T2 Y'l Y1)- (1/2)(T-1y+ -SO) 

= (1/2T) IT1 (ujy+yOu')-(1/2){T 1/2yOZT(1) E;2 

+ T" 12L1;2ZT(1)YO+ TlyyOY} -% 0. 

Moreover, as T t co: 
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It follows by Theorem 4.1 of Billingsley (1968) and the continuous mapping theorem 
that as Tt oo G1,= W(l)'W(l)-Xn, as required. In a similar way we find that G2 Xn 
as TTw. 11 

Proof of Theorem 4.1. Define 

Z() 1 Q-/2 * +Tt [ Tt] 1_/2z; (-)Ttj , (=l..,) 

ZT(1)-=Q-/2 * 

By Theorem 2.1 or Corollary 2.2 ZT(t)=> V(t) as Ttoo, where V(t) is a multivariate 
Wiener Process on C[0, i m+n. 

Set q0 =0 and further define the sequence {qt}1 by 

qt=qt-l+zt; t=1,2,.... 

Let Q' = [q1,..., qT1, Z'= [Z1, ..., ZT] and then we have: 

T-1Q'Z= T Tqt ,z 

T 1 Tqt-lzq+ T-1 ZTztz 

f{QI/ 2 V(t)dV( t),fQ1/2+fj} +fQ0 

1 

= W/2 V( t) dV(tyt)Q1/ 2 + Qlo + Ql1 
0 

by arguments entirely analogous to those used in the proof of Lemma 3.1. In a similar 
way we find: 

T-2QiQQ=>112 V( t) V( t) dtQ I/ 2. 
0 

We now note that: 

T-1 U'X = [T-'Z'Q]12+ T-1 E TutxO 

fl 1 Q/2 V( t) dV( t) Q 1/2+ Qo +fjj} 

as TToo. Similarly 

T-2xtx== W1/2 V(t) V(t)'dtn1/2 
o 22 

as TTco. The stated result (a) now follows by the continuous mapping theorem applied 
to: 

T(A* -A) = (T1 U'X)(T-2X'X)-1. 

Result (b) follows immediately. To prove (c) we note that 

Q* T-1 U'U - T-1( T-1 U'X)(T-2X'X)1(T'X'U) 

op limT T 1 ZTE(utuD) 
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by the strong law of large numbers for weakly dependent variates (McLeish (1975b)). 

Proof of Theorem 4.2. The proof is entirely analogous to that of Theorem 3.3. 

Proof of Theorem 5.1. Under the null hypothesis (39) we have: 

T(R vec A* - r)-R vec T(A* - A) 

= R vec ([ 1/2 V(t)dV(t)}f1/2 +fO 

+Qfl] {[/2J V(t) V(t)'dtfl1/2] 

as TIoo by Theorem 4.1. We also have fQ* ->p [Rlo] l and 

T -2X,X== fl1/2 |V( t) V( t)'dtfl1/2] 

The stated result follows directly. 11 

Proof of Theorem 6.1. From Lemma 3.1 we know that 

T2ZT (Yt-i1-/-2)(Yi W(t) W(t)'dt W(t)dt { W(t)'dt}1/2. 

Additionally, 

T'zT U( Yti Y-i)' - T' ZUY u i -(T1/2zT U 3)(T3/2 ET Y,) 

and 

T (1/2T Ut(yt-j (Y-, -l=T -l u (ty-,-YT- ut)( 

by Lemma 3.1 again Results (a) (b) and (c) follow directly. To prove (d) and (e) note 
that 

=- - U-T1/2(AtI)(,T-3/2 y 1 t_) -1/2 0 

and 

T21/2I. w(l1/2 W(1) - (10,/2 { w( t) dt. 

o~~~~ 

as required. To prove (f) and (g) note that 

A-o= T-E Ut -?-TA- I(T UZ(')1(Z U) 

and 

:- ) = sT( T' U' U - )- T=12( UTZD+"U-2)(D 2Z-ZD+1 2Yl DU'ZZZ U. 
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In this expression 

DT=[O T2I 1 

and the second term of the expression is Op(T- 12) as TToo. Result (f) follows directly 
and result (g) follows as in Theorem 3.3. 11 

Proof of Theorem 6.2. The proof is analogous to that of Theorem 3.8. We need 
only note that as T t oo 

T12(YT W(l1) - { W(t)dt} N(O, (1/3)Y) 

where "-" signifies equality in distribution. Since ST ->P E the stated results now follow 
as in the proof of Theorem 3.8. 11 

First version received December 1985; final version accepted May 1986 (eds) 

We are grateful to Donald Andrews and David Pollard for useful discussions about some of the material 
herein and to Jim Stock, Rob Engle, Grayham Mizon and the referee for helpful comments. Jim Stock, Joon 
Park and the referee kindly pointed out some errors in our earlier drafts and to them we are especially grateful. 
Our thanks also go to Glena Ames for her skill and effort in typing the manuscript of this paper and to the 
NSF for research support under Grant No. SES 8218792. 

NOTE 

1. The concluding section of Phillips (1983) contains a detailed discussion of this point. 
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